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Nonlinear Phenomena and Deterministic Chaos in Systems With
Vanadium Dioxide
A.A. Velichko, A.L. Pergament, G.B. Stefanovitch and P.P. Boriskov

Abstract— The switching effect with current-controlled
negative resistance (S-shaped voltage-current characteristics)
associated with the metal-insulator transition in vanadium
dioxide is studied. The experiment shows that the switching
devices exhibit complex nonlinear behaviors, including 1/f-type
electronic noise, the effect of burst noise, stochastic resonance,
period-adding sequences with intermittent chaos. In addition,
deterministic chaos in the region of negative differential
resistance is observed and, near the threshold point, the intrinsic
dimension of the attractor is d = 2.3. Mechanisms of these
phenomena are discussed. The analysis allows concluding that
the noise and chaotic effects should obviously be taken into
account in applications of VO2 in electronic devices, particularly
in thermal sensors and bolometeric detectors.
Index Terms— vanadium dioxide, switching, stochastic
resonance, deterministic chaos.

I. INTRODUCTION

M

semiconductor systems can exhibit complex
nonlinear behaviors when they are driven far from
thermodynamic equilibrium by applying electric fields. The
origin of these electrical instabilities is usually closely linked
to a negative differential resistance (NDR). In vanadium
dioxide the switching effect with current-controlled NDR is
caused by the electric-field-induced metal-insulator transition
(MIT), which is stimulated by either thermal or electronic
effects [1]. In equilibrium conditions, vanadium dioxide
undergoes a metal-insulator phase transition at the transition
temperature Tt = 340 K [2], and above Tt the conductivity
abruptly increases by 4-5 orders of magnitude. Thus, electrical
switching due to MIT in VO2-based structures is characterized
by the S-shaped voltage-current characteristic: at V=Vth (the
threshold voltage) the structure undergoes a transition from a
high-resistance (OFF) insulating state to a low-resistance (ON)
metallic state.
The metal-insulator transition, like any other phase transition,
ANY
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is a nonlinear phenomenon in nature. Also, in the case of
electrical switching, additional nonlinear effects due to the
NDR and current filament formation should take place [3].
Therefore, the VO2 based switching devices are expected to
demonstrate complex behaviors, from ordinary noise to
deterministic chaos. For example, low-frequency noise at the
thermally induced MIT has been studied in [4]-[6], and the
noise effects at electrical switching in VO2-based structures –
in [7], [8]. Chaotic oscillations have been obviously first
observed in [7]. The experimental works have been carried out
on single crystals [5,8], thin films [6],[9],[10] and ceramics
[7].
Chaotic dynamics and noise effects in vanadium dioxide are of
considerable interest because of potential technical
applications of the material. In addition, these effects receive
increased attention due to general fundamental interest both in
the nonlinear phenomena themselves, and, in particular, in the
problem of metal-insulator transitions, because the noise
measurements can give valuable information about the
transition mechanism [4-6], [8], [10]. As for the applied
aspect, vanadium oxide films are used for fabrication of a
variety of electrical and optical devices, including electrical
switching elements, temperature sensors, optical storage
devices, variable reflectivity mirrors, IR bolometric detectors
[11]. The latter field of application is of especial interest [6],
[11-13], because vanadium dioxide allows the designing of
high-sensitive, spectrally broadband and uncooled bolometers.
The study of noise and related phenomena in such devices is
obviously an important problem from the viewpoint of the
improvement of the bolometric sensor sensitivity and
accuracy. In this article we present results of comprehensive
experimental study of the noise and chaotic phenomena in
VO2 based switching devices.
II. SAMPLES AND EXPERIMENTAL TECHNIQUES
In our experiments we used both sandwich MOM (metaloxide-metal) and planar VO2 switching devices. The sandwich
devices were fabricated by the anodic oxidation of vanadium
metal (vacuum-deposited vanadium layers and foils) [14]. The
thickness of oxide films was ~100 nm. Metal aluminum
electrodes of 1 mm in diameter were evaporated onto the
surfaces of oxide films to complete the MOM structures.
Channels (~1 μm in diameter) consisting of the vanadium
dioxide phase were formed in the initial anodic films during
electroforming [14]. After the process of electroforming,
voltage-current characteristics of the devices became S-shaped
(Fig.1). As the temperature increased, the switching threshold
voltage Vth decreased to zero at a certain critical temperature.
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This temperature was found to be practically equal to the
transition temperature for vanadium dioxide Tt=340 K
indicating that the switching mechanism was associated with
the MIT.
For the planar switching devices, ~100 nm thick VO2 films
on insulating substrates were fabricated by reactive magnetron
sputtering. Aluminum electrical contacts for the four-probe
measurements were obtained by thermal vacuum evaporation.
The structures had 5 mm gap between Al-contacts. The V-I
characteristics of the planar devices were qualitatively the
same as those of the sandwich devices, and the threshold
voltage in this case was ~ 100 V.
The experimental setup included a DC power source and
different AC generators, an oscilloscope, and a load resistor
RL. The latter was connected in series with the sample, and the
current was monitored by determining the voltage drop across
an additional series resistor R<<RON, where RON is the ON
state resistance. The output signals of V and I, via an amplifier
and analog-digital converter, were recorded and processed
with a PC.
III. RESULTS AND DISCUSSION
A. Intrinsic noise under DC bias and relaxation oscillations
Under DC bias the devices are characterized by an intrinsic
noise both in OFF and in ON states. On the whole, the power
spectra vary with frequency as 1/f α (α = 1.1±0.1). Such
behavior has been established earlier for vanadium oxide
switching structures [8]. It was shown that in the OFF state
there was a mixture of a flicker noise and pre-breakdown
generation-recombination fluctuations. The low-frequency
noise of 1/f type has been also found in thin vanadium dioxide
films [6] and in other materials exhibiting MITs (La 2xSrxMnO3, Fe3O4 [15]) as well.
In the ON state, an additional noise, which is probably
associated with the fluctuations in the current filament,
contributes to the overall spectrum. Near the thresholds and in
the NDR region, the oscillations become more complex. In
this case, the output signal contains a component
corresponding to deterministic chaos. The results of the study
of deterministic chaos will be discussed in more details below,
in Section 3.E.
If the value of the DC voltage V0 is sufficiently high,
relaxation oscillations with the amplitude Vr=Vth-Vh appear if
the load line intersects with the I-V curve in a unique point
(point B in Fig.1) in the NDR region. The period of this
oscillation is proportional to the relaxation time τ=aRC (where
C is the capacitance of the device, and a is the parameter
depending on the ROFF/RL ratio) and it depends logarithmically
on V0:
Tr ≈ τ ln[(Vo-aVh)/(Vo-aVth)].
(1)
The equation (1) can be easily deduced form the time
dependence of V during the capacity charging. The
dependences of the mean value and dispersion of Tr on V0 are

Fig. 1. I-V characteristic of the VO2 sandwich structure and the main
definitions (1- OFF state, 2- ON state, 3- NDR region, 4- load line; Vth and Ith
– threshold voltage and current, Vh and Ih – holding voltage and current).
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Fig. 2. Relaxation oscillations period Tr (1), its dispersion D (2) and relative
error D1/2/Tr (3) as functions of applied voltage V0 (Vth4 V).

shown in Fig.2. It should be noted that the minimum error can
be made much less than 1% (i.e. less than that shown in Fig.2,
curve 3) by carefully adjusting the circuit parameters: RL, V0,
etc.
Since an external noise always presents along with the
internal one, we further investigate how it affects the VO2
switching devices.
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Fig. 3. Chaotic current oscillations induced by a slight external noise (a) and
their spectrum (b) at different DC voltages (V11<V12<V13).

B. Modeling of the switch response to external noise
If the structure is stabilized near the threshold point
(V=V1<Vth and [Vth-V]/V→0: Fig.1, point A), a small voltage
fluctuation can lead to formation of an intense current pulse.
This phenomenon is similar to the burst noise [16], where
small noise due to the random change of internal or external
parameters is transformed to the noise of giant magnitude.
For modeling of the device response to external
perturbations, we selected the operating point of the circuit in
the under-threshold regime (V=V1), and affected the system by
the external noise from a Gaussian noise generator. This
generator had the frequency band up to 20 kHz and amplitude
Vn=0.01-0.2 V and was connected in series with the DC power
supply. Since in this case the scheme has a sharp response, the
external noise results in random switching with large current
and voltage pulse amplitudes. The output current signal
represents a sequence of spikes with the chaotically varied
period (Fig.3). The spectrum of the output signal has a
maximum in the vicinity of the relaxation frequency fr=1/Tr .
The maximum rises with increasing V1, i.e. the oscillations
with f=fr are the most probable. Also, a slight shift of the
spectrum toward the high-frequency region is observed, that is
associated with the dependence of the relaxation frequency on
V0 (see Eq.(1)).
C. Stochastic resonance
Further, into the circuit operating in a mode of random
oscillations, we have added a weak periodic signal with the
frequency f0 from a sin-wave generator connected in parallel
with the DC source and with the noise generator. In this case a
maximum at f=f0 is observed in the spectrum. The height of

this maximum depends on the noise intensity Vn at a constant
voltage V1, and also it depends on V1 at a constant noise level.
Thus, at certain parameters of the circuit, the amplitude
amplification of a harmonic signal and an increase in a signalto-noise ratio (SNR) are observed. We interpret this
observation as the effect of stochastic resonance.
The phenomenon of stochastic resonance has attracted
much attention over the last decade being a distinguished
example of nontrivial noise-induced effect in nonlinear
systems and a mechanism of noise-controlled selforganization in complex systems. In general, stochastic
resonance is the result of the change of the metastable state if
a relatively small and slowly changing deterministic
perturbation is added to the system [17]. If this perturbation is
periodic, then under certain assumption, the system will
perform a motion, which is close to a large amplitude
oscillation with the same period or with a period proportional
to the period of deterministic perturbation.
The dependence of SNR on V1 can be treated as a change of
the switching dynamics depending on the value of a potential
threshold of a bistable switching system. Note that both the
gain factor and the maximum of SNR increase as the
frequency f0 tends to the relaxation frequency of the switch.
Similar behavior is observed if the source of external noise
is turned off. We conclude therefore that in the absence of an
external noise, the internal switch noise serves as the disorder
factor in experiments on stochastic resonance, and the
optimum regime of amplification is reached by variation of the
voltage V1.
D. Generation of stochastic oscillations
For a sufficiently large amplitude of the periodic signal, a
new nonlinear effect in stochastic resonance has been found.
In these experiments, a sin-wave generator was connected in
series with the DC source. In the presence of a weak internal
noise it is possible to observe the phenomenon of locking the
mean switching frequency [18] – see Fig.4. At first the
frequency of switching coincides with the signal frequency Ω.
Then, as the Ω increases over the natural system frequency fr,
the switching period becomes twice as greater in comparison
with TL=1/Ω (Fig.4,c). Between these two states, a chaotic
regime appears with the phase diagram of I and V shown in
Fig.4,b. Thus, there exist two limit cycles, between which the
phase trajectory moves chaotically and fills in the space
between them. As the frequency continues to increase, the
described process is repeated, i.e. the oscillations with T=NTL
(N=3, 4, 5…) appear. The same transition between different
oscillating behaviors is observed when varying the amplitude
of the sin-wave signal or the DC voltage V0, not only the
frequency Ω.
The above-described chaotic behavior represents the
intermittent chaos [19], i.e. the random transitions between
two limit cycles (attractors) during the period-adding process.
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Fig. 4. Oscillation spectra, voltage oscillograms, and phase portraits (I-V orbits) for different values of Ω: (a) Ω1, frequency locking; (b) Ω2, chaotic oscillations;
and (c) Ω3, period doubling. Ω1<Ω2<Ω3.

One can assume that the nature of chaotic oscillations is
conditioned by the presence of an internal noise in the
dynamically unsteady bistable system. In this case the
amplification of this internal noise occurs. The spectrum of
arising stochastic oscillations represents the dependence of the
gain on frequency. The maximum of this spectrum lies near a
certain frequency ω (Fig.4, b) which depends on the
parameters of the oscillating circuit.
When adding a gentle periodic signal with frequency f0
from a sin-wave generator (like in the above-described
experiments, Section 3.C), the picture similar to the
phenomenon of stochastic resonance is observed. An internal
noise of the structure plays the role of a fluctuation signal. The
weak periodic component is enhanced in amplitude. Also, the
SNR increases because of the predominant initiation of
oscillations synchronously with the signal. The greatest gain
(~100) is reached in the region of f ≈ ω. The frequency ω thus
can be interpreted as the most probable frequency of random
switching events.
E. Deterministic chaos
Deterministic chaos, the phenomenon in which a certain
system shows unpredictable behavior although it is rigorously
described by nonlinear differential equations, has recently
attached interests in many areas of science and engineering
[19]. In the field of electronics, circuits containing the NDR

devices (such as, e.g., thyristors [20]) are known to exhibit
chaotic behaviors.
In this section we present the results of investigation of
chaotic behavior of VO2 based switching devices in planar
configuration. The latter allow us to use the four-probe
measurement technique and thereby exclude the systematic
error connected with the contact resistance.
In these experiments the device was DC biased and the
operating point was fixed within different regions of the I-V
characteristic (points A, B, C in Fig.1). A chaotic AC
component of the output signal was recorded by a PC, and the
data were treated by numerical methods (spectrum
calculations, filtration, Fourier transformation, and
calculations of the correlation dimension using the
Grassberger-Proccacia algorithm [21]).
The correlation dimension v of the attractor was determined
[19], [21] by using the scaling dependence С( r ) ~ rv at r  0
where the correlation integral with respect to arbitrary distance
r is given by

1 N N
  H (r  xi  x j ),
N 2 i 1 j 1
N  i  j 

C(r )  lim

(2)

where H is the Heaviside function, N is the number of
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points and |Xi-Xj| is the distance between two points in the
attractor. Fig.5 shows the procedure by which the value of v
was obtained for different embedding dimensions P. The
obtained results can be summarized as follows:
1. There is no deterministic chaos in the OFF state; the
fractal dimension is relatively large, d >5 (Fig.5,a)
indicating the stochastic nature of noise.
2. For the oscillations in the NDR region near the threshold
point, the intrinsic dimension of the attractor was obtained
d=2.3 (for P=5), as shown in Fig.5,b. Such a fractal
number of dimension is an attribute of deterministic chaos
[19]. The value d=2.3 means that the oscillations are in
3D phase space and they are described by at least three
differential equations.
3. For higher currents, when the operating point is still in
NDR, but it is relatively far from the threshold, the fractal
dimension is 2<d<3 (Fig.5,c). This indicates that
oscillations appear to be a mixture of deterministic chaos
and stochastic noise.
It is critical to note that in the case of deterministic chaos,
unlike uncorrelated noise, an efficient signal extraction from a
signal-noise mixture is possible (at least in principle). In
recent years, several techniques have been developed for
forecasting behavior of dynamic systems and for separation of
deterministic and random noise. These techniques are based
on algorithms of time-series forecasting [22-25]. The
underlying principle of such time-series forecasting and
separation is to predict future values of a time series by
consulting a catalog of how the system evolved at other times
when initial conditions are either similar or slightly different
due to noise. The same techniques might be obviously utilized
for separation of the deterministic noise and informative
signal. Therefore, on the basis of computing simulation, using,
e.g., the algorithm of short-time forecasting of chaotic time
series [22], [23], it is possible to diminish the SNR and
thereby to improve the accuracy of VO2 electronic devices
and sensor systems.
IV. CONCLUSION
The experiment shows that the switching devices exhibit
complex nonlinear behaviors, such as: the burst noise,
stochastic resonance, period-adding sequences with
intermittent chaos, and deterministic chaos. It is quite evident
that both the MIT, and the NDR are responsible for these
effects, as well as for the 1/f-type noise. Also, current filament
formation contributes to the process. Therefore, the study of
these phenomena is necessary for further understanding the
physical mechanisms of MIT and switching in VO2.
The effects described should be obviously taken into
account when working out the electronic devices (as thermal
sensors and bolometers) based on vanadium dioxide. It would
be rather tempting to utilize the sharp temperature dependence
of resistivity at T=Tt (or, for the switching devices, the I(V)
dependence within the NDR region), which could ensure
enormous sensitivity.
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Unfortunately, this method turns out to be not efficient
because of the hysteresis effects [11] and also because of
chaotic behavior for low thermal cycling rates [6]. The latter
obstacle might nevertheless be avoided by, e.g., the singlepulse excitation [6], [12]. However, as shown in Section 3.B
of the present paper, the effect of burst noise will affect
negatively the device accuracy in this case. A different
promising approach is based on the fr(T) dependence [14]. The
temperature sensor (or bolometric detector) with the frequency
output, proposed in Ref.[14], seems to be more appropriate for
technical applications, because the noise-induced error might
be made sufficiently small in this case (see Fig.2).
Also, as was discussed in Section 3.E above, in the case of
deterministic chaos, it is possible to extract the informative
signal by the methods of forecasting of chaotic time series
[22], [23].
Finally, it is shown that vanadium dioxide appears to be an
ideal model object for demonstration and investigation of
diverse nonlinear phenomena, which are observed
simultaneously and, moreover, can interplay among
themselves.
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